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ABSTRACT

We consider the problem of minimizing a differentiable fun c t ion  of n parameters with
upper and lower bounds on the parameters. The motivation for this work comes from the
optimization of the design of transient  electrical circuits. In such optimizations the parameters
are circuit elements , the bound constraints keep these parameters physically meaningful , and
both the funct ion and the gradient evaluations contain errors. We describe a quasi-Newton
al gorithm for such problems. This algorithm handles the box constrain ts directl y and approxi-
mat es th e given fun ci ion locally by nonsinguiar quadratic functions.  Numerical tests indicate
that the al gorithm ca n tolerate the errors , if t he errors in the function and gradie nt are of the
same relative size.
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Introduct ion

We consider the following opt imizat ion problem: Given a real-valued d i f f e ren t i ab le

funct ion f ol n parameters x= (x 1 x
11), find an xopt such that  f (xop t )  � f ( x )  for all x in the

box C= {x I a~�x~�b~ I �i�nJ . Lower bounds a~ = -~~~ , and upper bounds b1 = += are

allowed. We will describe an efficient  variable metric al gorithm designed for this class o

problems where f and its gradient may be evaluated with  errors. At each iterate x , we

determine a direction of movement d. Then a scalar e~ is chosen such that the next i terate is

x =  x+a d and f (x 0 ) �f (x ) .  The change in x and in the gradient g are used to update an

approximation H to the inverse of the Hessian of f. Typicall y, d is the corresponding approxi-

mation to the Newton direction on some subset of the constraints at x.

We note that  “ box ” constraints can be used to restrict the parameters to a region where f

is well-defined or where the parameters are p h ysically meaningfu l .  Box constrained problems

arise naturally in circuit design problems which served as the primary motivat ion for this  work

(See section 2).

Members of the one parameter variable metric famil y, Broyden [2 1,

(Hy)~Hy) T SST s Hy s H y
H = H - +— + ~a (— - —)(— - —)~ ( I )

çt. a b h a  h a

have been used to generate quasi-Newton algori thms of the above type for min imi z a t i on  w ith

and without  constraints. Fletcher [31 and Powell 14 1 survey much of the relevant  l i te ra ture .

Gill and Murray [5J contains additional in format ion  and bibli ographies.

In formula ( I )  and in the remainder of the paper , s denotes the change in parameters x

achieved at the current i teration , y denotes the corresponding change in gradient , g denotes the

gradient of I at the current  i tera te  x , H denotes the approximat ion  to the inverse of the
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Hessian ma t r ix  at x and G= l 1  In ( I ) ,  a= Y T HY and h=y 1 s. The superscript * den otes

updated versions of x , g, s , y , H and G. Q will be used to denote the Hessian of I at ~ .e

iterate x. A>o will  denote a positive def in i te  ma t r ix  A.

We also use formula ( I ) .  We want to choose an update that  can determine the true

character of the Hessian matrices (we wil l  not force these approx imat ions  to be posit ive

def ini te) ,  and that  can accept arbi t rary directions of movement wi thout  requir ing projections of

the Hessian matr ix  approximat ions .  If the Hessian approximat ion  is indefinite on some

iteration , we may want  to search along a direction that  is not necessarily a quas i -Newton

direction on some subset of the constraints .  Moreover , if no in format ion  is lost when const-

raints are encountered , we can use the approximate Hessians to tell  us , at each i tera t ion , what

constraints we should try to drop. These requirements  lead us to the update  in ( I )  corre-

sponding to ~ = b/ (h -a) ,  known as the symmetr ic  rank one ( S R I )  update .

(H y-s) (Hy-s ) ’
lI~ = H - . . (2 )

y 1 ( I l y - s )

We also have an addi t ional  requi rement  tha t  the procedure v .~ choose should not he too

sensitive to reasonable errors in the function and gradient evaluations in the sense that  it

should achieve a min imum to w i t h i n  the specified error. Because the update in (2 )  can accept

arbitrary directions of movement and inaccurate l in e  searches , we therefore expect it to be

fair ly insensit ive to reasonable errors.

To avoid get t ing lost in deta i l  we will describe only the basic ideas in the al gori thm.

Where possible , the procedures used are support ed by re levant  Lemmas and Theorems .

Otherwise we try to provide the heuristic reasoning behind the adoption of the procedures.

In section 2 we describe the par t icular  appl icat ion , electrical c i rcu i t  design problems ,

which motivated the development of this  a lgor i thm .  Typical ly,  fo r  such problems each
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func t ion  and gradient  eva lua t ion  is expensive , costing many  Limes the cost of the aux i l i a ry

variable metric computations.  Fur thermor e , these values are computed wi th  error.

In Section 3, the basic a lgor i thm is outl ined.  In Section 4 , we f u r t h e r  mot iva te  our choice

of the SRI  update , discuss the d i f f i cu l t i e s  in updat ing occasionall y encountered , and proce-

dures for dealing wi th  such d i f f i cu l t i e s  when they occur. Some of th i s  mater ial  is more full y

developed in Cullum and Brayton [1 1. The upda t ing  tests used are d i rec t ly  related to quest ions

of dependency of the directions of search generated and of the singularity of the approximate

Hessian matrices generated. We do not require the approximat ing matrices to stay positive

defini te , only nonsingular.

In section 5 , we describe the procedure used for de te rmining  the direct ion of movement  at

each iterate.  A quadratic program whose size equals the number  of act ive constraints  is solved

at each in tera t ion .  If this fai ls  for some reason , a full-sized OP is solved. This d i f fe r s  from

other procedures , (see Mangasarian [61 and Fletcher 17 1), which solve a full-sized quadratic

program at each iteration. In Section 6 , we describe the scaling heurist ics used. The scales

obtained are used to generate minimal  step requirements in each line search , to obtain an

in i t i a l  guess on the Hessian approximation , and in de termining when a constra int  is on a

boundary.

In Section 7 , we describe brief l y the  l ine search procedures used. Bending,  due to

McCormick [81, is used to avoid zi gzagging. Searches are made along lines not rays. Section

8 contains remarks about the use of non—quasi—Newton directions and the convergence test.

In Section 9, the results of several numer ica l  tests are described. Two types of tests were

made. One to demonstrate  results for box cons t ra in ts , and one to d e m o n s t r a t e  the beha vior  of

the a lgor i thm when there are errors in the func t ion  and gradient  e v a l u a t i o n s .

Extensions  to more general  cons t ra in ts  are not discussed.

_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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2. Circui t  Desi gn Appl ica t ions

The fol l owing simple example  i l lus t ra tes  the use of op t imi z a t ion  in t ime domain , circui t

desi gn problems.

Example I .

X I

1+1
E(t) Q X 2~~ f V~ U)

1- I  I 1- I

Given an input  voltage E ( t )  determine appropriate values of the resistances x 1 and x, to make

the output voltage V~ (t )  match a specified desired voltage V ( t )  as closely as possible in some

norm. For example , minimize , f ( x ) =  II V0 - V 112 2 where II t~ is the l.~ - norm. V0 (and thus

f ( x ) )  is evaluated by solving a system of ordinary d i f fe ren t i a l  equa t ions  tha t  describe the

voltages and currents  in the  c i rcu i t .  In addi t ion , the resistances are constra ined in size ,

a~<x ~Sb~. i = l ,2. For example x~ � 0 is a restriction that  if violated would produce a circuit

tha t  would not make sense physical ly .

In general in a t rans ient  circuit design problem , the  func t ion  to he minimized  has the

form

1(x) = f h(u(x ,t ),x,t)dt (3) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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with  the constr aint  set C= $x  I a < x < b }  . u (x , t )  is the solution of a system of ordinary differen-

tial equations which depends on the parameters x:

u = ‘~V (u ,x .t )  t c l o ,i l  t 4 )

Using variat ional  a rguments  (see for example , Hestenes 19 1), we can show that  the gradient of

such a funct ion , g (x) ,  is expressible as the integral  of the Lagrange mul t ip l ie rs  A ( t )  associated

with the d i f ferent i a l  equation constraints (4).  For example ,

Ou T Oh . OW
g (x )  = ~~A

T (O)____ ~~_. + f  [ —.— - A 1(t)—(u,x ,t) J  dt (5)
bx 0 OX Ox

where

~)W T 
~ h

u~~— u(o ) , A = - — — — A +  — , A ( T ) = o

and ~i denotes partial derivative. This method of obtaining the gradient is called the adjoint

method. A 3 parameter problem described in Brayton , Hachte l , and Gustavson 110 1 has, 180

nodes , 460 branches , 112 nonlinear elements and 192 d i f f e ren t i a l  equat ions .

Analytical  expressions for I and g are not available. Both are computed wi th  t runcat ion

error , due to the f ini te step size used in solving the d i f f e ren t i a l  equat ions , and each eva lua t ion

is expensive. We note , however , tha t  once the func t ion  is evaluated at some x , then the

corresponding gradient eva lua t ion  costs approximate ly  another  func t i on  e v a l u a t i o n .  The

truncat ion error varies from i terat io n to i terat ion and is controlled roug hl y by parameters  set

by the user. The greater the accuracy required , the longer the  t ime required to eva lua t e  1.

Thus , the philosophy of op t imiza t ion  is d i f f e r e n t  here t h a n  in the  typ ica l  m i n i m i z a t i o n

l i terature . We do not want  and in fact cannot  compute  a rb i t r a r i l y  accura te  min ima ;  ~~ w a n t  a

“good enough ” approximat ion .  This error s i tua t ion  is i l lus t ra ted  in Fi gure I here the ‘:rror in

— ~~~~.——---- ,.~~~~~~~~~ ,—. -~~~~~~~~ -. ..~~~~~ .~ ~~~~—-—~~——.— . .~~~~~~~~~~.
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the funct ion  evaluat ion  of a unimodal  funct ion  of I var iable  is shown. A s imi la r  graph could

he drawn for the gradi ent  of f. We know f only to w i t h i n  the  tube .  Any  l ine  search to f ind

the m i n i m u m  of f in Fi gure I should stop w i t h i n  the indic a ted  s topping reg ion , beca u se to

w i t h i n  the specified error , all such x are equa l ly  good m i n i m a  of 1. Il a be t te r  app rox ima t ion

to the m i n i m u m  is required , the u ser supp lied error control  parameters  mu s t  he ti gh tened , hu t

then each func t ion  and gradient  eva lua t ion  becomes niore e xp e n s i \ e .

The t runca t ion  error a f fec t s  the l ine  search , the  u p d a t in g ,  and the  co nve r g ence  tests.

Basically,  we need a forgiving al gor i thm , one where the  steps do not hav e  to he done exact ly .

It had been proposed to one of the authors  t h a t  the  proper  approach in sit a s i tua t ion  is

to consider the o u t p u t  of our func t ion  eva lua tor  as an approx imat ion  to F , call it H , and then

to minimize  ~a exact ly .  This makes no sense in th is  s et t in g .  since f” = f+ e 1, and the  gradient  g”

= g+e,. where e~ is not necessaril y related to e 1, and nei ther  e 1 nor C, is a we l l -behaved

func t ion .  We have to admi t  tha t  we do not know F and g precisel y and must handle the

computations according ly.

The minimizat ion procedure was therefore designed to be f lexible  and user- control led.

Probabl y, it is best to use it in te rac t ive ly .  Users set parameters  de te rmined  by the i r  know l ed ge

of the accuracy of f and g. These parameters can he al tered to check or improve the accuracy

of the solution obtained.

In Section 9 numerical experiments of the fol lowing type are discussed. We modify  the

program that  evaluate  f and g so tha t  1E = f+ r 1 and g,= g+r., are returned to the optimizer

where e 1 and r2 are random variables with I E l I < ( a+ r  I f  I ) and s imi la r ly  for I . a

represents an absolute error in I and r a relat ive error.
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Fi gure I

f (x )

STOPPING MAGNITUDE
REGION OF ERROR

I I  I

H~J~FUNCTION EVALUATIONS MINIMUM SOMEWHERE
TOO CLOSE, GIVE WRONG IN HERE SEA RCH
INDICATION OF DESCENT SHOULD STOP
DIRECTION ANYWHER E IN THIS

RANGE
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3. ( ) u i l i nc 01 ~ j_~or i I  b in .

The a lgor i thm is a q u a s i - N e w t o n  method and assumes that I can he adequa te l y approxi-

mated  near  i ts  m i n i m u m  by a non singular quadratic ‘\s w i t h  a l l  q u a s i — N e w t o n  methods ,

st at i onary  points are computed.  [here is no guaran tee  tha t  t h es e  ir e local i i i i n i rn i z ing  points .

Davidon ( I l l  use s the  f ami l y of updates  in ( I ) .  M~ n v o f the  idea s  in this algorithm could

be used in any  extension ol’ I ) a v id o n  l i i i  to hand le  c o n s t r a i n t s  and errors .  A l though  the  S R I

update fo rmu la  has l i m i t a t i o n s , these can he overcome and th is  w i l l  he discussed in Section 4.

We onl y note here tha t  the tes t s  used to avoid these l i m i t a t i o n s  are connected wi th  m a i n t a i n i n g

a)  independence of the d i rec t ions  searched and b ) n o n s i n g u l a r i t y  of the  mat r ices  generated.

a) and b) are impor t an t  in any var iab le  metr ic  al go r i thm.

Thc al gor i thm was programmed to store and update  b oth the  I J e s s i a r i  (G ) and in .  erse

Hessian ( H )  approximat ions ;  however , it can be easil y re pr ogr amn ied to use onl y Ci , and th i s  is

demonstrated in later sections as each part of the a lgor i thm is described in de ta i l .

A. Determina t ion  of Best ” Feasible Direct ion.

At each i te ra te  x we have an approx imate  Hessian G . and we use the  quadra t i c  approxi-

mat ion to changes in I at x ,

.~X T (~~ x
.~f ( x )  = q ( .~x) = + g t (6)

to de termine  a direction of movement  at x. If no c o n s t r a i n t s  are , iCt i ’. c a t  s , we search a long

the  quasi—Newton l ine  z = x +  F I g throug h x.  If one or more cons t r a in t s  are ac t ive  at x . we

solve the quadra t ic  program . m i n i m i z e  q( .~x)  over  al l  f ea s ib l e  .~x . to ob ta in  the  nex t  d i rect ion

of search. We reduce th i s  t o  a q u a d r a t i c  program (OP )  of size equal  to the  number  of ac t ive

c o n s t r a i n t s  (see Section 5) .  If we ob t a in  a so lu t ion  to t h i s  UP which  is a direct ion of descent .

.— ‘—“ .... — — .  
~~~~ ‘. . — ——-— -‘ ‘ .. .~~~,.... .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — ., , .  - ,
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and tha t  sat isfies o ther  c r i t e r i a , we search along it .  If not , we revert to a full size OP. Note

tha t  in using a OP we can generate a direction of movement  d=~~x that  may correspond to

dropping no cons t ra in ts , some , or all of them.  Also note that  if G is i n d e f i n i t e , such a

direct ion is not necessarily a quas i—Newton direction on some subset of the contra ints .

B. Line Search.

We then compute X * = X + a *d where o~ is chosen to roughl y m i n i m i z e  f on th is  l ine.  We

must  search along lines ( instead of rays ) since G need not he positive de f in i t e .  Bending,  (see

McCormick 18 1,) is allowed in the l ine search to avoid zigzagging which  can occur if we

bounce on and off of constraints  wi thou t  achieving min imiza t ion .  We require tha t  I a 0d II be

greater than some minimum step because of error considerat ions (see D and E ) .

C. Upda t ing .

The result ing overall changes in x , denoted by s , and the changes in gradient g , denoted

by y, are used to update G (and  H )  usin g the SRi  up date formulas :

= G + 
(y~Gs)(y ~Gs) T

s T (y Gs)
(2’ )

(Hy _ s ) ( H y ~s) T
11~ = H - __________

y 1 (H y - s)

Upda t ing  requires tha t  the denominators  in (2’) ,  sT (y _ G s )  and y~ ( H y - s )  do not vanish.  In

Section 4. we discuss the updat ing  tests . If any of these tests  fa i l , the al gor i thm u ses a

direct ion of movement  other than a quas i — Newton  l ine on some subset of the cons t r a in t s .  The

non quas i -Newton directions discussed theore t ica l ly  (see Theorems 3 and 4 ) .  are ’ ei gc i ivc c to i s

of projections of G and the coordinate d i r ec t ions .  However , for s i m p l i c i t y ,  in all  the  numer ica l

tests  run , only coordinate direct ions were used. l e s t  f a i l u r e s  occurred i n f r e q u e n t l y  and w e r e

easi ly hand led using coordinate l ines.

_ _ _ _ _  _ _ _ _ _ _ _ _  - - - , -~~~~~~~~-
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1). Scaling.

In circuit design applications experience ‘ias shown t h a t  sonic advant ages can he obtained

by scaling the s ta r t ing  Hessian approx imat ion  (~ , (a nd 11 , ) . A heur i s t i c  based on the user

supplied upper and lower hounds and the i n i t i a l  va lues  of the parameter s  is us ed See Section

6 for details.

E. Error Control.

The user specified tolerances are combined wi th  the scal ings generated to obta in  toleranc-

es used in (a) de te rmin ing  when a parameter  is on a boundary  and ( h )  generat ing min ima l

steps used in the line searches.. These tolerances  can he set to y ield a crude approx ima t ion  to

the optimum which can then be refined by reducing the tolerances .

F. Convergence Test.

Since errors are present , the normal  convergence tests  requi r ing  a smal l  quas i -Newton

direction are not appropriat e.  Therefore , a successive search of the n coordinate lines through

a given iterate wi thout  achieving descent t e rmina tes  the procedure.  These searches use a

minimal  step size generated from in fo rmat ion  provided by the user. We note tha t  with box

constraints , at the op t imum , the Lagrange mul t i p l i e r  for the  ~th parameter  is simpl y the j~1~
component of the grad ient  wi th  the appropr ia te  sign. Therefore , a s imple cheek of the

gradients  of the act ive const ra in ts  is su f f i c i en t  to test  for s t a t i ona r i t y .  The procedure’ also

te rmin a te s  when a consistency test on the func t i on  and gr adient  evau a t i ons  is violated more

than  a specified numb er of t imes .

. . 

j
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4. Symmetr ic  Rank  I Update.

As stat ed earlier the symmetric rank I update was used heeau se i t  sa t i f ies  t h e  require-

ments  listed in the in t roduc t ion .  Theorem I , see for example l’ iacc o and McCormick 1121, is a

statement of most of this  fact.

Theorem I .  Let f=x TQx/2 + dTx be a quadrat ic  funct ion .  Let s~, I ~ j �n he a rb i t ra ry

directions. For any init ial  x °, and H0 , successive movement along the s~ with  upda t ing  on each

step using (2 ) ,  will  yield QH fl)g=g for some m �n , if each update is def ined.

This theorem can be relaxed to include k �n steps , wi th  11 = 1I whenever  the update is not

def ined.  Mur tagh  and Sargent 113 1, [14 1 and Powell 1 1 5 1  have used the  S R I  up date  in

al gorithms with mixed results. In Davidon [ i l l  an opt imal ly  condi t ioned update is chosen on

each i tera t ion;  the SRI  updat e is the opt imal ly  conditioned up date in some si tuat ions.  Powell

[16 1 in analyzing the Davidon [ i l l  work has used an up date formt il a t h a t  is a modif ica t ion  of

the S R I  update to preserve desirable properties of the Hessian approximat ions  such as posit i ve

def ini teness .  The SRI  update need not stay positive de f in i t e , and it is susceptible to il l -

c o n d i t i o n i n g ;  however , Theorem I makes it a t t r ac t ive  for cons t ra ined  1) fo h l c f l i s . e~ h e r e

successive directions of movement can be qui te  general.

The other consideration which lead us to the S R I  update is the fol lowing.  There are ver y

basic di f ferences  between m i n i m i z a t i o n  problems w i t h  parameter  cons t ra in t s  and problems

wi thou t  cons t ra in ts .  For uncons t ra ined  problems the  assumpt ion . t ha t  t b  ‘ unc t i o n  being

minimized is locall y convex , is necessary l’or the existence of a min imizer ;  thus  a p p r o x i m a t i o n

by a positive semidef ini te , quadrat ic  func t ion  is plausible.  However . when cons t ra in ts  arc

present , local convexi ty  is not necess ary for exis tence , as the simple example  f ( x ) =

—x +4 , I � x <2 , demons t ra te s .  We note , however , t h a t  it is neces sa ry  b r  the  problem to he
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locally convex in those var iables  t h a t  are inter ior  to the  constraints  at the m i n i m i z e r  of f.

Therefore , since we in tend  to keep a fu l l  Hessian approximat ion  r a t h e r  t h a n  a projecte d

Hessian approximat ion  as is clone in Go l dfarh  1 1 7 1,  we should he able to approx imate  gen er al

quadratic func t ions  not just positive de f in i t e  ones. Wi th  a fu l l  approximate  l l e s s i an  we can

uti l ize the directions of negat ive cu rva tu re  to improve convergence .  ‘r lie t heory associated

wi th  the S R I  update  is not re st r ic ted to the case where I’ is a pos i t ive  de f in i ie  q u a d r a t i c

funct ion .  Therefore , th is  up date can p ick up the  t rue character  of the Hessian. In regions of

negative curva ture , the a lgor i thm described here can generate  nega t ive  curva ture  directio ns of

search , hut does not choose such direct ions in an opt imal  way. A drawback , of course , is t ha t

the SR 1 Hessian approx imat ion  can become indef in i t e  even when I is a positive d e f i n i t e

quadrat ic  funct ion , so the desire to approximate  general func t ions  is onl y imper fec t ly  sat isf ied

by use of this update.  We would really like to have an update  for mula  that  could accept

general directions of movement  and that  would s imula te  the Hessian accura te ly .  The I) av idon

[ I I I  and Powell [16 1 analysis may y ield such a formul a or procedure.

In line wi th  the above comments , and in contrast  to most exis t ing  a lgor i thms ( M u r t a g h

and Sargent 113 1 and Gill  and Murray 118 1) we do not t ry  to keep 11* posi t ive  de f in i t e , we

worry on ly about possible dependence of the directions of search generated and s ingu la r i t y  of

the approximating matrice s H* or G* .

Now consider the SRI  update.  The denominator  in (2 ’) can vanish  if ( 7 . 1)  Il y= s  or

(7 .2 )  Hy �s hut  y T (Fl y _ s ) o. The fol lowing theorems tell us the significance of (7.1) and

(7. 2) , and how to c i rcumvent  these d i f f icu l t i es .

Theorem 2. Consider any variable metr ic  a lgor i thm for which a) at each step l1~ is g iv en

by ( I )  for some choice of 4’. h) the direction of search d at each stage is the quas i -Newton

direction on some subset of the box const ra in ts , and (c) x = x + n d where o~ is chosen by

some rule . Then;

. . . ...,. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ._ ~~~~~~~~~~~ .~~~~~~~~~~~~.
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(a) 1 f f  is any funct ion , at some step Hy= s , H is nonsingu lar , and the active constraint  set did

not change from x to x , then dS is a mul t i ple of the old direction d.

(b) if I is quadratic , Hy=s at some step, and H is nons ingular , then s is the true Newton

direction at x on the current  set of constraints.

Note that  this result holds for any variable metric algorithm generated using formulas

from ( I ) .  This theorem , as well as Theorems 3 throug h 6, was proved in Cul lum and Brayton

[1 1 for the unconstrained case.

Proof of Theorem 2.

(a) Assume Hy= s and H nonsingular.  Let E be the columns of the i den t i t y  m a t r i x

corresponding to the inactive constraints at x. Thus , E’rGE is the projection of G onto the

space spanned by the E. If we set

2 
÷ g r~~x ,

then the quasi-Newton move s from x to x~ is s=o Ev where

v= (~~
’GE)~ ~ Tg . (I~)

In (~~) t denotes the pseudoinverse of ~~~~~~ Similarly,  the quasi-Newton direction from x , ib

the constraints do not change , is d* =E(~~’t’G*E)tET g* Since Hy= s , then g~ =g+Gs and G* =G.

Therefore , ~ Tgs .,~~Tg + a~ TG~~v and from ( 8) .

FTGF.v* = F t g * = ( I + a ) F t GEv .

Hence , v differs  from v by some vector in the null  space of F FGF.. But v and v are obta ined

from the pseudoinverse , which gives vectors whose projections on th is  nul l  space is zero.

(h)  II I is quadrat ic , then the true Newton direct ion on the current  cons t ra in t s~’.tt x is the

L~.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. .~~~~~ . ~~~~~~. 

.
~~~~~.
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vector Ew where w is the vector of m i n i m u m  norm th a t  sa t i sh ic s  th e  equa t ion  F t  () l .w = - F t g.

Since H y = s = o F s . then QFv = ( F v  and (Ii 1 QF )v = ( I  ‘ Gl )s = - I: ~~~~ l ’h crefor e , v = w .

Q.E. D.

Thus , condition (7.1) indicate s dependency problems b r  the directions of search b eing

generated , if f is not essentially quadratic in the region near x.

Now consider condition (7 .2) .  We have the following theorem , whose proof is independ-

ent of the presence of constraints  and is g iven in Cu l lum and Brayton 1 1 1 .  It only app lies to

the SRI  update and connects (7 .2)  to the s ingular i ty  of the update G* .

Theorem 3. For any I , if at some step of an S R I  procedure H y�s , hu t  y 1 ( Hy - s )= O , then

the SRI updated Hessian approximation G*, given by (2’). is singular and Hy-s  is a zero

ei genvector of G* . Conversely,  if G is nonsingular  and G* z=O , then z ~i ( Hy - s ) .  A similar

result holds for 11* when sT (y ~Gs)= o  hut  y-Gs�o.

Theorem 4 tells us how to correct problem ( 7 . 1 ) ,  and Theorem 5 tells us how to handle

problem (7.2 ) .  Each is an extension of resul ts  in Cul lum arid Brayton ( I I  to include const-

raints .

Theorem 4. Let I be any twice continuousl y d i f ferent iable  func t ion .  l . et  Q be the Hessian

of f at x .  Let wk, I ~~~~~~ be orthonorma lized ei genvectors of E ’GE where E is the nx m

matrix whose columns are + or - the columns of the ident i ty  matr ix  tha t  correspond to the

inact ive constraints at x~ . Then if the current  G does not generate the true Newton direction

on the set of constraints at x *, there exists a wk such that (g*)
i Ewk �o , (i.e. Ew~ is a feasible ’

descent line ) and (HQ-l )Ew k �o.

Proof of Theorem 4.

I .et 

~~~- . .~~~~~-- .~~~-~~-~~~~~-- ~~~~~~~~~~~~~~~~~ -.- .. . . . -- -- -
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W t = {w~ I E r GEw~~~EJQEw t 1 and

W 2 = t w k not in W 1 }.

II for all w~ e W1 , w~ r (Ft g* )= O , t h e n

E1g =  W 1 v

where the columns of W 1 are just the vectors in W 1. Note that  each vector in W 1 is an

ei genvector of E TQE , and therefore , is also an eigenvector of (~~TQ~~)t , Therefore , the t rue

Newton direct ion Ez a satisfies

= - (E TQ~~)tW v_ - W 1 A t v

where A ~ denotes the diagonal matr ix  of the reciprocals of the nonzero eigenva lues of E’~GE

corresponding to W 1 with the reciprocal of any zero eig enva lue set to zero. Simi lar ly ,  the

quasi-Newton direction Ez satisfies

z= (F TGE)tW v = - W 1 A t v

Therefore , z *=z , contradic t ing the assumption tha t  the cur ren t  direction is not the  t rue

Newton direction. Thus , there must be at least one w k E W 2 such that  w~T~~l g *~~o. But , w k c

W 2 implies that  ~~~~~~~~~~~~~~~~ and since G is nonsingular , (HQ - l )E w t �o.

O FT) .

Thus , theorem 4 says if at some point x * we have Hy= s , then ei ther  a) by considering the

eigenvectors of ~ TG~ we can obtain at x~ a direction of descent d~ =Ew k for some k and for

small steps a , Hy *�s*, or else b) -Hg~ is the true Newton direction at x~ on the constraint  set.

Throughout the discussions , if ~~~~~ is not of full  rank , we call the direction obtained using

the pseudoinverse (E T GE ) t  the quas i -Newton direction.  This yields the direction of m i n i m a l

norm sat isfying the quasi-Newton s t a t iona r i ty  condi t ions .  We shou ld note t h a t  since F

contains  onl y columns of the iden t i ty  it is t r iv ia l  to compute E 1GE .

Theorem 5. Let f= x TQx/2 + c’
~
’x+e , where 0 is non singular .  1.et Ily�s , hut

yT(H y . s) o at some step in an SRi  procedure. Then at x there ex i s t s  a feasible direct ion

d=s+/3e~ for some coordinate line e~ and some f~�() such tha t  for some p~~o, x ’= x + M ( s + / h ’1 )

-.- .-..‘. U-...-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
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is feasible , f ( x * * ) < f ( x ) ,  and

(y **) i (~1y ** ..s **)~~o ( 9)

where y ** g ** g, ~ **~~~~~**~~~

Note: For any quadrat ic , (9) is independent  of ~~ . We wri te  ‘I ’heorern 5 as above because we

must appl y it to non—quadrat ic  funct ions .

Proof of Theorem 5. Define for  any e~ and f3 , h ( ( ~) = a
11I~

2 +h~/3 where a~~= (Qe~) F

(HQ _ I ) e~ and b~= (Oe~) F (HQ_ 1) s.  Then (9) is equ iva len t  to h(Ifl �o. Since the a jj .  I ~ j �n ,

are the ~th diagonal entr ies  of the inde f in i t e  ma t r ix  Q(I I Q- l) ,  it is pos sible tha t  all ajj =o.

However , b~ is the projection of the non-z ero vector (HQ- l) s  onto Qej and 0 is nons ingula r ;

hence there must be some e~ such that  b~�o.

Define U 1 = (e~ I h~~ o or a~~�ot . As in Theorem 4 , we let E correspond to the inac t ive

constraints at x~ . Note that  if e~eU 1. then h(/ 3 ) can vanish for at most one nonzero value  of

f& Moreover , if h ( f i) = o  then h ( f ~/2) �o. There are 2 cases to consider.

First assume that  there exists an c1 1 U 1 such that  e~” E El’g *�o. ‘rhat is . e j yields a

feasible descent line at x~ . In this case we simply search along y= x~ +/k 1 for a min imum or

unti l  we reach an addit ional  constraint .  This defines /3* , and if h ( f l * )= o , then /~ is replaced

by ~~/2. Thus , X ** = x+ s+/3*e~ satisfies the requirements of the theorem.

In the second case no such e~ exists.  We show t h a t  any e~ f rom U 1 is acceptable.  A gain

there are 2 possibilities. First suppose there is an e1 cU 1 such t h a t  Fe~�o. Then we may use

this  e~ with  f~ free , hut its si gn chosen so tha t  f3e 1
t g < o. Since s is a de ’sceni t d i rect ion at x ,

s+f ~e~ will  be also. Then we search for ~i so that  f is minimized in th e direct ion s+/ ~c~ or a

new constraint is encountered.  The new point is x~~ = x+~L( s+l ~e~) . If there is no e~~ U 1 such

tha t  Fe~�o . then all  e j e U 1 correspond to act ive cons t r a in t s . Pick any  e~ € U 1 and choose the

L ~~.. .-.- -----— . . . . .  -~~~~~~~~.. . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. -.. -- .~~~~~~~-
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si gn of 13 such that , x+/k 1 is feasible at x for all J3 of this  si gn. For examp le suppose 13>o.

y=x +/k~ may or may .no t  be a descent ray, but for 13 small  enoug h y=x+ s+13 e1 is a descent

ray. For example , choose

I gTs~
1/3 1 <—

2 I g ~I

Now we minimize  along this  ray or move un t i l  a new constraint  is met .  The new point is x ** =

x + ji ( s +

Q.E.D.

Observe that  the form of s is not used in the proofs of Theorem 3. 4 , or 5 , so the  results

are valid for any s, and even when we allow bending.  In Theorem 2 , s is required to be a

quasi —Newton direction on sonic subset of the constraints . Theorems 2 and 3 genera te  the

tests used on each ite ra t ion  of otir al gor i thm before upda t ing .  Theorems 4 and 5 tel l  us wha t

to do when one of these tests fails.  The tests are as follows.

Test for dependence of directions of search. We check whe ther

I I Hy-s I I
( 1 0 . 1 )

I NI I

and

I I y -Gs I I
— > ~ , ( I O .2 )

I I~~I I

For a qua dra t ic , ( 10) can be wr i t t en  as

I I  ( I I O — l ) s  I I
( 1 1 , 1 )

I I s i I

‘- ..— .
~~ . .— . -~~~~ -.- .--.. ~~~~~~~~~~~-

-
~~~~~
.-



_  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and

I I  ( l — G O ~~)y I I
y I > 

~~‘ ( 1 1 . 2 )

so using ( I  (.) )  we are checki ng  wh e the r  s is a zero c ige ns  ce to r  ( it  ( 1 1 0 — I )  and w h e t h e r  v is a

zero ei genvector  of the coun te rpa r t  mat r ix  ( (-GO’ )

Test for  ~ ul E~~~ Us ing  ‘I ’h eoren i 3 we cheek the  i o l l o w i n i ~, ra l l ier  t h a n  the  c l e r i o n l i n a —

tor of the S R I  u p d a t e ,

(~ ( I f t — s )  I I
— > r  (12 .1 )I I  Us-s i I

and

I I  I1~ ( y  G s)  I I
> ~~

. ( 1 2 .2)I I y-Gs I I

We note  tha t  we do not have  to compute G* or I l ~ to compute  these q u a n t i t i e s . in fac t

co ndi t ion  ( 1 2 . 1 )  equals

I y 1 ( H y— .s) I I I  y -Gs I I
> ~ (13)I I  11 -s i I s t ( v - ( i s )  I

and condi t ion  ( 1 2 . 2 )  is jus t  t he  reciprocal  of ( 1 3 ) .  By checking both ( *  and f f *  for singular i -

ty ,  we are (a t  least heur i s t ic a l l y ) .  control lmg the  con dit ion ni each of these mat  ri ces by

con t ro l l i ng  the  large st  and th e smal les t  e ig env alue s  of cacti .

In Cu l l um and Br ayton  I l l ,  we give an example  us ing  the te st s in ( 1 2 ) .  These t e s t s  are

violated only  i n f r e q u e n t l y. In  fact in the  a l g o r i t hm as programmed , ei genvect or s of I I  arc not

comput ed , onl y coordinates l ines  are used. In  each case t h a t  ci t  tier test ( 1 0 )  or ( I  2 )  has

fai led , the simple proc edur e of t a k i  rig an  c~ t h a t  is a direc t  m u  of dcs cc i it  at  x * has given a good

up date .  ‘1 ypic al t y,  onl y I ex t ra  lin e se .t i e  l~ ss as n cy d~d t conip let  c the  update ’ , ‘l ’hc oretical l y ,
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the procedur es proposed could he costl y, i n v o l v i n g  several l ine  searches. However , in pract ice ’

the cost seems nomina l .

If tests ( 10)  and ( 12 )  are both passed , then the G and H matrices are updated.  Before

proceeding we note tha t  onl y G is required for these tests , sin e we can compute  the vector

E l y-s by solsmg the equation Gp= y-Gs for p.
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. . ( ‘ on s t r a r n c d  I ) i r e c t io n ’ ,  of ¼, c , u F L  Ii

M a u i ~ l i n e a r l y  ei r i s i i . t I u u c u )  v a r i a b le n i c t r i c  ; u l e o r i t h m s  r c qt n r e  m i r l m u i / a t i o n  on th e  c u r r e n t

Set u l C o i i s t i , i i r u t s  bcl u i c  a n y  of I h ies c c o n s t r a i n t s  can he dropped . (see  fo r  e x a m p l e  (j i l l  and

\ l u r r a v  I I  ~I and ( , o l d ) a r h  1 1 7 1 . )  I n  a d d i t i o n  these  a l g o r i t h m s  o f t e n  drop only  one cons t ra in t  at

a t i m e .  A l g o r i t h m s  w h i c h  a l low dr o p p i n ~ s c s c r u l  c o n s t r a i n t s  s i n i u l t a n e o u s l ’~, gene ra l l y  soR e

lul l  d imen s ional  q u a d r a t i c  p rogr ~in ~~ mi t  e :, c l i  t e r a t i o i u  to L l c t e r r n u i i e  w h i c h  c o n s t r a i n t s  I drop,

(see for e x a m p l e  F l e tch er  1 7 1 m i n d  M a n g a s a r r a r i  ( . $ ) . I u a d d i t i o n a l  c o n i r n e n t s  see Gi l l  and

Murra y (S I .

I ti c scheme pr( ’posc( l below is c q U i ’ . ;i l c i u i  to s o } 5 i n g  .‘ dual to  t h e  o r i g i n a l  p r o b l e m .  1 his

dual is the  smr ln c  s i / c  is t h e  n u m b e r . i c t i s c  c o n s t r a i n t s . I f  a t  a g iven  i t e r a t i o n  there  are

, u c t u \  e co n s t r a i n t s . s~ c con s i d er  t he l o l l o w u u i i . ~ q u a dr a t i c  p r o g r a m m i ng  p rob l em;  m in i n i i z c .

~~ 
g t .\~ ( 1 4 )

subject  to F t
~~~x <0. In  ( 1 4 )  (~ is the  c u r r e n t  I l e s s i m u n  a p p r o x i m a t i o n , I ., is the  nxn i  m a t r i x

whose columns are the  i n n e r  normal s  to the  c u r r e n t  set of ac t ive  cons t r a in t s .  Thus  q is an

approx imat ion  to the  change  in I at x l’o r an~ a d m i s s i b l e  ..~x. N o n i i n a l l y ,  t h i s  is a f u l l  d imer i —

sional problem. I I owever , I .e rnm a 1 s tates t h a t  we can replace ( 1 4  ) by a prob l en i  whose site

equa l s  the  nun ihe r  of m i c t i s e  c o n s t r a i n t s .  ‘[‘lie quadra t i c  pro~ r a m m i n g  a lgo r i t hm in (‘anon ,

(‘u l l u m  and P olak I I  ~I is u sed to solve t h u s  e q u i v a l e n t  problem , see ( I S ) .  If  t h i s  a l g o r i t h m

f inds  a so l u t ion  to ( 1 5 )  such t h a t  t h i s  .~x is a d i r ec t ion  of descent for I , .~x (i .~ X > n , and the

diagonal  e l emen t s  of the projec t ion  o~ G o n t o  t h e  free c o n s t r a i n t s  m i r e  i l l  pi s u t i s u . t h e n  sse

use this as our direct ion of sea rch  Otherwise  we re ser t  to .so ls lug  t he f u l l — s i z e d  quad ra t i c

problem in ( 1 4 ) .  impos ing  ripper m ind lower hounds  and u u s i n e  l l e t e l i& ’r and J m i ekso r i  1 2 1 ) 1 .  ‘[he

al gor i thm in 120 1 w o r k s  on i i u y  01’, 1 ( is i n d e f i n i t e .  the n t h e  d i r e c t i o n  g e n e r a t e d  need riot

he a q u i m i ’ l — ~s e w t o i i  d i re c t ion  on soni c  su b s e t  of t h u . ’ L’oos t i ~i u u i i s  I ’  t h e  d u i . c i u o n  g e n e r a t e d

.

~
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vanishes , we choose a coordinate line to search. This is equ iva len t  to checking  the n i u l t i p l i e r s

and releasing a const ra int  whose m u l t i p l i e r  has the wrong sign.

Lemma I .  The OP in ( 1 4 )  is e q u i v a l e n t  to the fo l lowin g  QP of size m , the  number  of

const ra in ts  act ive at x: min imize

,,~T(E t 1.j 1 ~h ( v)  = — v t l . h I l g  ( I S )

subject to v�o. Equiva lence  means equiv a lence  of the  associated necessary condi t ions  of

O I ) t i f l i m i l i t y .

Proof of Lenima I .  l’he necessary condit ions of o p t i n i a l i t y  for the  problem in ( 1 4 )  are

(Lx x + g — F 5 v = o wi th  v �o , v~ I F 5
1.~x ) = o , min d l~ 

t .~x �o. ( I 6)

Since Ci is inver t ib le , we have

.~x + Hg - HE 5v = o . ( 1 7 )

This equat ion projected onto the active cons t ra in ts  becomes

+ E 5’r Hg - F F H E v  = o, v T (E 5T m~x ) = o, V ~ o, E5 T ,~x � o. (18)

But these are the necessary condit ions of op t ima l i t y  for the  mxn i  OP . in ( I S )  where  the

mul t ip l ie r s  for th is  problem are just the vector F ,, ~ x. Thus any solu t ion  of ( 16) y ie lds  a

solution to ( I  8) and conversel y. g ive n  a solution to ( I  8) we can generate ’ a so l u t i o n  to ( 1 6 )

using the equat ions in ( I  7)  to solve for th e uncons t ra i n ed comp one’n t s .  0. F I)

If G> o , then  any solut ion of ( 1( i ) yields a m i n i n u i z i n g  point  of q . and .~x u s the  o p t in imi l

d i rect ion of niovem ent for q.
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We note t h a t  it  on ly G u s mis m u I m i b l e  in the pro gra m . we can eu.’ule i ’at  e t h e  ni ’ccs sa ry s e c t o r s ,

i l l ,. fo r  t h i s  c o m p u t a t i o n  h~ sols ing t h e  e q u a t i o n s  I P= F, for the  m a t r i x  P. We also n ote

t h a t  ( I S )  is the  dua l  of ( 1 4 t .  Ni m u r r a y  12 I I  m e n t i o n s  u s i n g  t h e  d u a l  p r o b l e m , h u t  r io d e t a i l s  are

given.

l o u  t h i s  approm u ch to he use fu l , see riced a good q u a d r a t i c  p r o g r a n u m t n g  al gor i t hm.

( ) b v i o u s l ~~, if I ., i l l , is i n d e f i n i t e , ( I S )  ha s rio s o l u t i o n .  If we Nut  an upper  h o u n d  on

then  a s o l u t i o n  could e x i s t . hu t  t he  redL i e t ion  in d m m e u i s i o n a l u t y  w ould  not occur .  I h e  q u a d r a t i c

progr anii ni i in g a l g o r i t h m  de scr ibed in Canon , Cu l l u ni i  mun ch Pol ak I 1 9 1 has the  f o l l o w m n g  proper-

t ies  ( ‘ons ide r  the  QP , m i n i i m m i e

—
~~~~~ + dt i

subject to [:~ �o. Then (a)  if A ?o and a f i n i te  s o l u t i o n  e x i s t s , t h i s  m i h g o r i t h n i i  w i l l  f i n d  t h a t

solut ion , (h )  if A �o and there  is no f i n i t e  s o l u t i o n , the  p rocedure  w i l l  g e n e r a t e  an i n f i n i t e

ray ,  and (c )  for  genera l  A . in  m u f i n i t e  n u m b e r  of s teps . t h i s  procedur e c u t  her  gene ra t e s  a /

th at sa t is f ies  t h e  s t a t i o n u a r i t v  c o n d i t i o n s or i n d i c a t e s  t h a t  r io so lu t ion  e x i s t s . h r  our problem

( 1 5) ,  ( b )  canno t  occur.

Lemma 2. If G �o . then F , I I[,�o and the  OP in ( 1 5 )  aIwa ~ s has a f i n i t e  so lu t ion .

Proof of 1_ emma 2. Since E, ( I F ,, is the  project ion of I I  �o onto the  space spannied  by I ,, . i t

must he positive semi -def in i t e  on this  subspace. No i n f i n i t e  so lu t ion  can e x i s t  suu icc  the  nu l l

space of F ,, I IF , and of the  cons t ra in t  v ~ ri is t r i v i a l .

Q.I I).

_ _  .
~~~~~~~ 
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i’he use of ( 1 5 )  allows us tu work wi th  QP’s of the same size as the cu r r en t  number  of

, i c u u v e  cont ra in t s .  Both OP’ s allow us to drop none , one , so nic or all of the mic t i ve  c o n s t r a i n t s .

The OP gives us only the direct ion of search and not the step size which  is ob ta ined  by a l ine

search.

_ __ _
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6. A Sca h in ez I l e u r i s t i e .

in the circuit  design app licat ions , because of wide va r i a t ions  in scale between d i f f e ren t

elements  of the  c i rcu i t , some ac h v an t mu ge s  can  he o b t a i n e d  b y s e m u l i n g  the  s t a r t i n g  I l es s ian  nia t r ix

(I () . We w a n t  to de te rmine  a m a t r i x  P su ch t h a t  the  f u n c t i o n  Fl x I f (  Px ) i s be t te r  condi-

t ioned t h a n  t ( x ) .  I’owel l  122 1  h a s  shown t h a t  by s imp ly s e t t i ng ( i , = P’ ~~ i n s t e a d  o f I ,

suh seq tuent  steps in the  x — s p m i c e  mire i d e n t i c a l  to ste ps  tha t  s v ( uu lu .t he t m u k e n  in  the x spac t .i if we

ex ol ici t l y made th i s  st ubs t i tu t i on  and worked d i rec t ly  wi th  F( x

The fo l lowing  heur i s t i c  wm is used to g e n e r a t e  mu P. We use m u s i m ple dim i go nimi l  sca l ing .  It  is

assumed that  the user has supplied rea l i s t i c  upper m unich lower hound s  and h 1, I n . and or

mu reasonable in i t i a l  va lue  x~° for each paramete r .  ‘ Fhi en p 11 us computed  mis f o l l o w s .

= m m I I x ~’ I ~ (h 1 -a , ) )  if I x 11 � I arid I < h 1 - m u , <~~

max ( I x 1 ° I ,  ( h i _ m i 1 ) )  ii ( x 1 0 (  < I  arid h~— a ~ < I

max ( I , I x j ° I )  if h 1 — mi 1 =~-.

I o therwise

For example  if x 1 ’ = 1) 2 , h 1 —mi 1 = iD’4 . t h e n  p 11 
= 10 2 I f  s 1 = 10 2 . h 1 - m i 1 = l 0~ . t h e n

p~ = 10 2 .

Whenever  the  a lgo r i thm is r e s t m i r t e d  the  G0 m a t r i x  is resea led  u s i u i ~m t h e  c u r r e n t  i t e r a t e .

We note t h a t  s e t t i n g ( equal  to a d i a g o n a l  i l i m i t i  i ‘ 11m i ~ mm c m i i i  t h a t  ~~ ~~Q i n sonic

problems. In p a r t i c u n l a r  t h i s  m m iv  happen  if the va r i ab l e s  are s c p m m n  ab l e  H u t , I c o c i n  sc , we do

not need G (~~O. we onl y  need OR g  to approx imate  g. W1’ note  mi lso t h a t  mis  ind ica t e ’d  in  Hard

123 1 scaling or lack of it  in a n y  ui f  t h e  v a r i a b l e  m e t r i c  s c l u e i n i e s  can cmu ise  sen u ou i s  d i s t o r t i o n s  in

the app r o x in i a t i ng  m a t r i c e s  ar id lead to n ear s n m i g u l a r u i  mc ~ . I n  t h e  m i n n m i l a t i o n  procedure the

user should inc lude  all  the in i i o rm i i t ion  ah o er t  t he  g i s c ’ n u  prob lem t h a t  is ava i l ab l e , mi nd shot nld

an t i c ipa te  d i f f i c u l t ies .  When d i f f m c ’ t i h i u e ’ . occ ur , ( ( nc  o t i s  o i l s  t h i i u i ’ lo t r s  is r e scal ing the ’  G

L. ~~~~~~ ..~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ..~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _
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matr ix , perhaps using the relat ive sizes of the cur rent  gradient  components  as scalings on each

component.

The scale p,~ are also used in the program wi th  the user—set tolerance ~ for ( a )  t e s t i n g

when a para m eter is on a boundary  and ( h )  genera t ing  n i in i mun i  step s t h a t  mire used in the  l ine ’

searches. These tolerances can be set to y ield a crude a p p r o x i n u m i t i o n  to the  o p t i m u m  w h i c h

can then he refined by reducing the tolerances.

~
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L Line Search Procedures.

For completeness the l ine search is outlined , hut  no claims for tIme super ior i ty  oh this

method are made. The new elements  are the min ima l  step r e q u i r e m e n t  whic h  is put  in to de ’al

with errors , and the use of bending.  Except for the gradient  at x , the line search uses onl y

func t ion  va~a~~ mind thus  cm i i i he used even if the gradient  is being a p p r o x i m n m u t c d .

The in i t i a l  step along the  l ine of search is o b t a i n e d  by u s i n g  the  c u r r e n t  quadra t i c

approx inia t ion  Ci. This f i rs t  step is e i ther  l i d II I g u cI I / I di(i d c ur the d i s t ance  to  the closest

boundary,  whic h  ever  is sn m a hl e r .  W e note t h a t  for d i rec t io n s of n e g a t i v e  c u r v a t u r e  t I t u s  is not

an optimal choice. if a cons t ra in t  is encountered before the  m i i i i n iunmi  u s b r acke t ed , we project

d onto the  new constraint  and con t inue  to move along the  bent  l ine . u n t i l  a bracket  on the

min imum of f is achieved.  Once the m i n i m u m  is bracketed a quad ra t i c  is l i t  to the 3 func t ion

values tha t  form the bracket .  Steps out are obtained u s in g quadra t i c  ex t rapo la t ion .  If  a

concave fi t  is made on some step.  ( i n d i c a t i n g  n e g a t i v e  c u r v a t u r e ) ,  a l a rge r  e x t r a p o l a t i o n

outward is nia de.  Observe t h at if we fi t  a quadra t i c  on a bent  p ort ion of the  l i n e of search .

see Figure 2 , then  we can expect on ly  a crude fi t . s i n c e  the  on e -d in i c i ms iona l  q u a d r a t i c

approximat ion to I would he d i f f e r e n t  on each arm of the b end.

DIRECTION OF
SEARCH

x 2 
~~~~~~~~ ~~~~~~~~ 

CONSTRAINT

OCCURS

Figure  2 
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One could avoid this problem by comput ing  gradients  at the 3 points in the  bracket  and then

taking the proper combination of gradient  and func t ion  values at 2 of the points to f i t  a

quadratic on the associated .subin t erva l .  We , however , did not do this .  In our implementa t ion ,

the bending is done in the func t ion  eva lua t ion  subrout ine  and not in the line search subrou t ine .

The steps in the line search are t aken  along the orig inal l ine , hu t  the f u n c t i o n  is evaluated  at

the projections of these poin t s onto the constraints , see Figure 3.

~~~— CONSTRAINT

x v ’~ 
2

DIRECTION ~
p I \ ~~~~~~~ h3

SEARCH x 2 \ — -
~~~<’~~~ .~- --.....I

X 3 3

Figure  3

The quadratic f i t  is made along d using the values x 1. x2 , x~ ‘ , h o w e v e r , in each ease , w i th

the func t ion  evaluated at the projected points X t ,  x , , x 1. l ’his s imp l i f i e s  the search rout ine.

As shown by McCormick (8 1 bending prevents j amming  or zig-zagging. the  phenome n ion where

the min imiza t ion  procedure is complete l y cont ro l led  by the  cons t r a in t s  ( Z o u t e n d i j k  124 1) .

Note that  when bending occurs , the change in x , s = x - x . is not in the in i t i a l  d irect ion d.

hence is not a quasi—Newton direct ion.

Even thoug h we are using the  S R I  up date we requi re  h u e  se an clues  becaus e they  arc

beneficial  in cont ro l l ing  the condi t ion  of t h e’ mat r ices  gene ra t ed .  If I is a quad ra t i c  f u n c t i o n . 

~~~~~~~~~~~ - ,~~~~~ ‘-- ~~~~~~~~~~~~~~~ - - . ~~~~~~~~~~~~~~~~~~~~~~~~ — - -~~~~~~
- - . ,

~~~~~~_
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then each successful update increases the d imension of the  space S, where s S imp lies tha t

Gs=Qs. Obviously,  if the directions s are arbi t ra ry ,  then  the overall  problem , f ind 0 front

QS=Z=GS can he a rb i t r a r i ly  poorl y condit ioned.  However , wi th  line searches , the successive

directions are more l ikel y to he nearl y conjugate and thus  su f f i c i en t ly  i n d e p e n d e n t .

M inim i , .at ion also helps main ta in  positi ve defini teness.  If G>o and s ’ (y-G s)> o , then

(I* >o , a l t hou gh  th is  is not necessary in order tha t  G* >o. If we min imize , then s t y~ ~g
t s>o

which is cer ta in ly  necessary for s t y> s t G s> o.  If we do not m in imize , then (g *) l s would he

p os iti s . e if we overshoot and negative if we unde rshoot , and there is no guaran tee  tha t  sTy> o.

In the f r a m e w o r k  of f t inc t ion  and gradient evaluat ions wi th  error , it is impor tant  not to

evalua te  at points too close to each other , otherwise the error may domina te  the  m i n i m i z a t i o n .

Prior to the beg inning  of the op t imiza t ion  pro~edure , the user has to specify a tolerance 8,

which is the minimal step allowed in each parameter , if each parameter  is scaled to I .  This

tolerance is scaled for each paran m eter  x j by the scaling factors  ~~ computed in the  H~
1

computat ion previou sly described in Section 6. At the beg i n n i n g  of each l ine  search a m i n i m a l

Step

M m
I —a—- I (20)

l �j ~~n d~

is computed , where d is the direct ion of search. For examp le , if I 0 4 �x t � 10 2 , I0~~x 1~ 100 ,

and x °= ( I0~~, 20), then P t t = l0’2 and P22 = 20. l’hen if the Funct ion  had been evaluated at

x no fu r the r  func t ion  eva luat i on  is allowed in the set lx  I x t -x t I ~ 10 28, x , — x 2  I <2 06 ( .

Thus , it is pos sib le . even though g d < o, for the search to indicate  tha t  no descent was

achieved , if a step larger t h a n  the min in i a l  step could not he t aken .  In th i s  case an a l t e rna t i ve

line is searched (as imp lemented mi coordinate l ine ) .  Probably a be t te r  choice would he m m

cigenvect or of ( .  Idea l ly ,  the to l erance  S is re la ted  In t he  uc1 ’e i r , i~ v m i c h n c ’s ,i h le in f and g. 
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Two line searches were considered , one a t tempt ing to bracket the min imum on a line , the

other using a ratio of the reduction in f last achieved on that  l ine to the es t imated nex t

reduction achievable. Numerical results for both are given in Section 9 mi s search I and search

2 , respectivel y. Not requir ing bracket ing typical ly  reduces the number  of f u n c t i o n  eva lua t i ons

required , but increases the number of i terat i Ons.  Thus , one would expect  search I to he best

for problems where gradient  eva lua t ions  are si g n i f i c a n t l y  niore expens ive  than  func t i on

evaluations , and search 2 to be best for problems where these costs are approximate ly  equal .

In the next section we describe the convergence test used and motivate  the use of other

directions of movement  (e.g. coordinate lines or eigenvectors ) in addit ion to the quas i -N ewt on

directions.

It is desirable for all variable metric a lgor i thms to have a re start  mechanism.  In our

al gorithm the following heurist ic is used for restar t ing.  IC is lied to the line search. if (a) n+ I

updates have been achieved since the most recent restart , and (b )  on each of 3 successive

i terat ions , 5 or more funct ion evaluat ions are required in the line search , then  the procedure ix

restarted. H0 is resca led on any res tar t .  3 and 5 were chosen heur i s t ica l ly .  We proba bly

should have excluded directions of negative curvature  from this test ;  however , th is  was not

done. In  the tests run , restarts occurred onl y in frequen t l y. The idea of th rowing  away all  the

informat ion  accumulated to date and s tar t ing  fresh does not appeal to us.
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8. Al te rna t ive  Directions of Search and the Convergence ’s Tests.

In addit ion to the non—quas i—Newton  directions t h a t  can be generated by the fu l l  OP . two

other famil ies  of vectors can he used when the qL i asi -N eWt Ofl  directions on subsets of the

constra ints  are not acceptable. Whenever  h l y = s . Theorem 4 suggests t h a t  we use an eigenvec-

(or “k of F ’ GE such that  s= oEW k , I l y �s and (g *) t s�() Theorem 5 says tha t  if h-Iy�s , hut

y t (uy s) o, then we can f ind  a suitable coordinate vector e3 whic h will  allow an update.  In

the numerical  results described the ei genivecto rs of l (il were not coniputed . coordinate lines

were used in both s i tuat ions .  In i t i a l l y  the coordinat e lines were ordered according to the size

of g,. scaled using the p
11 generated in fi n d ing 11° . The coordinate lines were considered

cyclically wi th in  th is  ordering. Coordinate lines were also used wh en ever the inner product ot’

the projected gradient  wi th  t h e  computed direct ion of movement  vanished.  Since we do not

require U and G to be positive d e f i n i t e , w t Hw can vanish when Hw �o.

If a successive check of all  the coordinate  l ines  at a g iven i terate  yields no descent , then

the procedure terminates .  When we stop, because of the  m i n i m u m  step requi remen t , we are

onl y near a Kuhn-Tucker  (h opefu l ly  m i n i m u m )  po in t .  The dis tance  fr ont  the ‘n i in imum ’

depends upon the distort ion of the local contours of the f u n c t i o n  he ’ing m i n i m i z e d .  The

hol lowing  Theorem gives an est imate of this error in the unc onstrain ed case for f a quadrat ic

f u n c t i o n .

t heorem 6. Let F he a quadr a t i c  f u n c t i o n , f ( x ) =  x ’Q x/2  + d’1 x where O>o For any

6>o and scales 
~~~~~

. I �j �n , if at  some point  5 *, f ( x * ± h p~1e1 ) > f(x ) for all I <j � n .

‘rhen

1 g , I <p 1~ Q0 ‘2

.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ *-———
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and

I I X - I (~~p~
2Q 2 ) 1/2

where A (0) is the min imum ei genvalue of 0.

Proof. Since f is a convex quadratic func t i on , for each j and for all a I > p 1 6.

P~(a)~~ f ( x * +~ e~) - f ( x ) = a g +  a2Q~ /2 >0.

The minimum of ~~(a) occurs at a~= _g~*/Q~ and ~~(a~) <o. Furthermore , 4~ (o)= o=~~(2a~).

‘Therefore , ~ (n )  <o in the interval  (0 ,2a~] and therefore , p~ 6> 2a~. Subs t i tu t ing  for a~ and

rearranging we get

I g~*

( 2 1 )

Combining ( 2 1 )  and the fact  tha t  Il gopt Il =0 , we get for each

I [Q(x ~~xopt )~J I <

Therefore ,

A I I x *~xopt I I 2 < I I Q(x~-xopt) I I 2 <

or

I I x *_xopt I I ~ 6
2 2 t / 2

where  A (0) is the smallest ei genva lu e of 0.

0 .E.D

Theorem L If we used the eigenvectors of 0. v k . I ~ k �n , in Theorem 6 . then we obtain

I v~l g * I ~~~ I niLn I P k k / u 1
1’ I I  ( 2 2 )  

--.. .-~~~~ ‘ . -‘
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and

I x~-xo pt I I <~~~ ( ~Imi ~ I Pk k / 5 1
k 11 2 ) i / 2  ( 23 )

In (22 )  and ( 2 3 )  the m i n i m u m  ix t aken  over  t h o s e  k wi th  v~ ’�o.

Proof. For the e igenvectors  v 1, i ~ j �n , the n i in im al  al lowed step in the l ine search along

v~ corresponding to the sc’m t l es  P k k ’ 1 < k < n , ix 6 min k ( p kk /v 11’) . The revelant  expansion is

~ (a ) = f ( x *+av 3
)_ f ( x ~ )= ag * v 1 + a2 A 1 . 2 where is the ei genva (ue of 0 corresponding to v~.

But the m i n i m u m  of occurs at o~= _g *v~/A~, ~~( cu ~)<o . ~~~~~~~~~~~~~~~~~ Therefore ,

8 mm (Pkk /V~
k) > 2o~

R e m u r r m n n g ing  we obta in  ( 2 2 ) .

Since F is quadra t ic , Q( x * _ x o p t ) =g * . Let V he the ma t r ix  whose columns are the v~,

I �j < i i .  Then i n t r o d u c i n g  V as a hmusis , we obtain

(V T QV) V~~(x * _ x op t ) = V I V(V I g *)

or .\Vr (x * _ x o p t ) = V r g *

where .\ is the diagonal ma t r ix  wi th  ent r ies  A~. I �j ~~ni. Therefore , from ( 2 2 )

l v  t (x *~ x o p t )  I < - - -  I n i i n ( p k k /v J
t ) I

Summing  over components  gives us (2 3 ) .

0. F. 1).

The absence of A ( Q )  in the es t imate  (23)  te l ls  us (as expected )  tha t  the di rect ions  v 1 mire a

bet ter  choice than  the C u ‘t h u s , if Ci us a good approx ima t ion  to 0. we would prob ably  do

bet t er  to use the  cigenvectors ol (I r a the r  t h a n  the ’  coordinate l ines .
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In the next  section we present sonic numer ica l  tests , problems w i t h  and w i t h o u t  box

constraints , and with and wi thou t  noise added to the func t ion  and gradient  eva lua t ions .

__ _  ~~~~~~~~~~ ~~~ .-- - 
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9. N cuni er ic m il Results

A computer  program was developed  as the op t imi z a t i on  part  oh a c i r cu i t  desi gn package

and has been used onm c i r c u i t  design problems.  l1owu~ er , i t  does not seem practical  to use such

f u n c t i o n s  as test p rob leuns  snnc e  o ther  r e sea rchers  wo uld  not  h a v e  m m cce ss  to the  c i rcu i t

g e n e r a t i n g  pack age used to c’s m i l u m i t e ’  t h c s e  f u n c t i o n s  and g r m m d u c u u t s ~ ‘I h ercfore , so tha t  I u t u r e

c o n i p ar u s o n s  can he made , s~ c p r e s e n t  sonic r e su l t s  fu r  m m h e w  o ther  f u n c t i o n s ;  most are

s tanidard  tes t  I u n e t u o n s  found  n i t I i ~’ o p t u n h n / a t i o n  l i t e r a t u r e .  I he test  f u n c t i o n s  used are listed

below w i t h  the i r  s t a r t i n g  s a l  lies , and  hou n d s .

Cons t r a ined  Problems

1 )  FUNc’r I ( )N F h I O l  .1 ( I l i n m m m i e l h l a u  ( 2 5 1 )

~= ~ ( c (  J — .0 h u ) ~- i = l  \ /

1.5
= 25 -s- ( — 5 ( 1  lru ( (1 I i ) )

Bounds’: . I < x 1 < 100

0 ~ x , ~ 25.6

0 � x~ ~ 5

= ( l O , I . 2 5 , . 3)

xopt = (50 , 25.0 , 1.5)

f ( x o p t )  = 0.

2 )  F t J N (  ‘TION F R  FCP ( I ) ixoni I 2 ( I )

f ( x i . X : . X~~
) = (x ~ - 5 )  + (x 1 +x ~~ )~ + x~~ \~
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Bounds: l ( I ~ <

= ( 1 . 2 . 1 )

xopt  = ( I I )  ‘, I 2 .4 4 , 0)

f ( x o p t )  = l (  5t ) 45 ~~55

3 ) 1  t N ’ . ” l P) N  I I t )

fB 3 1 / 1 . /~ . i.~ ) = f ( l OO, 1, .0 1 
~2 ’ I’; )

w h e r e  f ( ~~~~, , ) = o i ( l — f t ( ( x # y _ 3 ) ’ t  +

+ (y-x- .8)~)

+2 1 l - ,r ( -9 . 95x 2 + I .25xy+ 2 . 48v 2 )

= (111 1 , = 2501) , y = 5

R o u n d s  ( I I  
~ ~ ( 12

1( 1( 1 
~ ~2 < 2( 1( 1

0< i~ < I

= ( .019 , I I t ) . . 9)

zopt = (.02 . 110 29 , 0)

fR 3 ( i o p t )  = 5 3 5 ( ) ( ~~5 2 I )4

4 )  F U N C 1’l o\  l~
’

h~~~

fB6 (‘ ) ‘ ‘‘‘‘~ ‘‘u ’ ’s’’u • )  t l t l ( / u , / ’~, / s ) I~3(, . / . .i~~)

Rounds’ : . ( 11 � / ~ (12

l00~ ~~~~~ 
< .2(0)

- — a- - -— ~~~~~~~ —.-—~~~~~ -- — ‘



- ‘ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~~~ ‘~~~~~~ ~~~~~~~~~~~~

‘
~~~~~~~~

‘ ‘

h ’ , i ee  i(i

~~ ~~~~~

i = ( . 0 15 1 , 15 1 , . 92 I , .0 15 .  15 ( 1 , . 92 )

to pt : there  m i r e ses ci .il n h i n i n u m m ,

f ( i o p t )  = — 2 ’ 5 . .l~) u—t —) , 14 . 09 l , — 4 0 2 . 3  1 13 3 2

l.J n c o n s t r m u u n t e d  l~ r o h l e n i u s

( 1 ) 1 1  N ( ‘ I l (  IN I < ( )“~!

ft  x~ . 1  = 10( 1 I s  2 - ‘:~~ + 
~~
‘- ‘

~ 
( 2

= ( - ( . 2 , .0)

X0[h t  ( 1 , 1 )

f ( x u p t )  = 0.

( 2 )  Ft . ’N( ’H O N !~ Y’J~)P

= l k ~ ( \ ~~-s~~
2 ) + (1~ x~ )

2 +

+ ( l - s ~~~~~ ~ l 0 , l U x 2 - 1 ) 2 + t x ~ - l ) )  +

s = (-3 , - I  -3 , - I )

X (u l ’( t = ( 1 . 1 . 1 . 1)

f (  5 0 1) t ) =

( 3 )  I t N ( ’ l l t . )N I l ’ .\”~’i ’

= 5~ ( ) \ s’
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w h e r e  Q = I S  S 3  7 ,~. Y8 0 1 . 3 3

( 53 1 45. 93 02. 14 4 5 . 1 1

78. 98 62 .14  89. 14 62.4 5

61 .33 4 5 . 1 1  62 . 45 47.05

and g = ( 1 .4, 2, 3)

x ° = (0 , 0, 0, 0)

xopt = ( .1304 , .8245 , ‘. 4068 , .3886)

f (xo p t )  = - 1 1 . 7 1 82 ) 3 4

(4) FUNCTION FPOWL

f (x 1 , x 2 , x i, x 4 ) = (x 1 + 10 x 2 ) 2 + 5 (x 4 -x 4 ) + ( x2 -2x ~ ) 4 + 10 (x 1 -x 4 ) 4

= (3 , -1 .0 , 1)

xopt = (0 ,0 ,0,0)

f ( x o p t )  I)

Of the const ra ined problems , FHOLZ ( H in i r n e l h l a u  [25 1)  and I ’ RF ( .’I’ ( l ) i ’ son ( 2 u  I )  hmmv e ’

appeared in the  l i t e ra t t i r e .  FB3 and FBO were  cons t ruc ted  spec i f i ca l l y  f o r  t h e s e  t e s t s  mis

problems tha t  would involve niuch h i t t i n g  and re leas ing  of c o n s u r a m n t s  be fore  mm local m u u u u n t i u n u

could he achieved ;  and moreover , so tha t  the i r  Hessians are i n d e f i n i t e  .i u each i t  the m n n i n u m m

We note tha t  t h e  i n i t i a l  poi nit used in the Fl 101.7 u c st  s wa s  not  the  s m i n i h e  mis  t f i a t  used it t

h l i m m e l h l a u  125 1.  At the  s t a r t i n g  point  in [25 1 Fl 101./. us ‘en  v f la t  m ind t h e  .2 I h ,mrw cl l  me thods

used would  n ( i t  n ni ivc ’  Ironi t h ~mt po i n t ,  t o  o h t m i i i i  e o n i i p m m r u s u n h s . we t h i c r c l o r e . moved to m u n o o n  C
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reasonable  s t a r t u i l e  po in t .  The s t m i r t u n n g  p o i n t s  f or  I’ 143 mind I’ 146 were chosen t  suc h t h a t  t h e

procedure nit i st  circt z ni i ’. cl i i  a saddle p o init  to get ((I a n u i n i n u a .

l :RFCp as s t a t e d  in  I ) nxo n  I 26 1 i n v o l v e s  a eo n lsn r a i n t  ~~ 2 >y 2 We h as e t r a n s f o r m e d  the

var iables  and mapped thus  e o n h s t r m m n n t  i n t o  x 1 >0 . (.) f cou rse at x 1 =O , I :RFCP is not d i f f e r e u i t i a —

bl e; near  x
~ 

=t ) it  has steep d e r u v m i u u s  es however , t h e  c o n s t r a i n t  x~ > I ( ) ‘  , is not too severe , and

al l  t he  a l g o r i t h m s  b e h a v e  svc l l .

For the  uncon st r a ined  problems , FROSF .I”WOO D . m m ni d FPO WI arc s t a n d a r d  u c ’st

func t ions .  FROSIi and FWOOD each have  a h a i i m m n i mu— s ha p cd  v m m l l e v ,  FWOOI)  also has regions

of negat ive  cturs ’ m u t l nre  and saddle  po in t s .  h :POWI . h mms mu s i n g u l a r  I l e s s i an at Is o p t i n i t n n n .

F L A S Y  is a sin i~p le posit s c d e f i n i t e  q t nadn ’m ut ic f u n c t i o n :  cs c u s t h i n g  S h u ) tn h d  ss t u r k  wel l  on i t .

For the  purpose s of c onu p ar s ioni  ss’e compared  the  new a l g o r i t h m ( s )  w i t h  the  correspond—

ing a l g o r i t h m s  in die I l~irs ve ll  S t n b r o u m t i n e  t . i h r a ry  ( 2 7 1 .  l’lu u x c  u sed were

l l m m r w e l l  n m m n n c  Re fe r r ed  to mix

\ 1 0 3  \ (.‘F l e t ch c r

V F O 5 A I )  l4 tuek l e y

\‘AO9 A I )  F l e t c h e r

VA O 4 A 1 )  Pow—no— d ry

‘I ’he f i rs t  two , V I  ( 1 3  A m ind VI ~05AD , are var iab le  m e t r i c  a lgo r i thms  for  l i n e a r l y co ns t r a ined

problems  w i t h  box c o n s t r a i n t s . V F ( ) 3 . ’\ is  d ue to l ’ lc ’Ic he r  12 8 1 and sols c’s m m I t i l l  q u a d r m m t i e

p r o g r a m m i n g  pr ( ih l en u in a v m i r i m i h l e  s i /c  box at cin ch i t c r : i t i u i n i .  VI  (( ~ \ l  ) is due to l tu i e k l c ’ v ( 2 9 1

and is a m o d i f i c a t i o n  of ( i o l d f a r h ’ s h i n i c , i r l v  c o n s u r a u n i t ’d a l g o r i t h i n n i  I I 7 ( .  I t i c ’ la st  u us ,

VA O9 AE ) and VAO4A I) , are for u n c o n s t r a i n e d  p r o h l c n u s  \ ‘\( )~ I )  is a a r i m i b l e  mn c ’t r u e

a lgor i thm dim e to F le tcher  I 3 ’) I .  V A04 .’\ l ) us Po su eU ’ s n o—den i s  m i n u s  c’ p rocedure  I ) l J .  V I  ( ( 3  \

w m ms o n l y  a v a u l m m h l c ’  in thic  sm n i g l e  l b n c ’c i s i o u h  s c ’ r s i n n n : i t u n i u d o l  i in  t h u  ) 7 i ) — . I u 5  eo tn l d  hi ’ I I )  ~‘ . so

t he re su l t s  h u i r  ( ‘ I I~’ i ~’h~’ u sho ul d  bc s u c ’wcd in t h i s  f i g hi  

.-— - —-~~~~~~~~ - —~~~~ ~~~~~~~. . — -. ~~~~
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l’ests were run oni the eight test func t ion i s  wi th  and w i t h o u t  noi se. h o r  each f u n c t i o n ,

noise , e , in the func t ion  values was s imula ted  by specif y ing a r e l a t i v e  error , r a nd an abso lu te

error a , and then se t t ing  the  error ,

c = y ( r I f I  + a )

where y is a u n i f o r m l y d i s t r i bu t ed  random var iab le  in the  i n t e r v a l  I - I , I ( .  Noise in the gr a dient

was generated s imi l a r l y .  We realize t h a t  th i s  i m p e r f e c t l y  s i n i u l m u t e s  t he  e f f ec t s  of t r u n i c a t i o n

error for f u n c t i o n s  tha t  depend on the so lu t ions  ol d i f l c r c ’n i t i a l  equa t ions .  Bun t , 55 e d(i not hm n s e

a good model for the t r unca t i o n ’  error , a nd we expect  tha t  t he  s i n u u l a t e c l  e f f ec t  is svors c t l t an i

the  t runca t ion  ef fec t .  Thus , if a proc edure works r e l i a b l y in t h e  p r c ’ui ~’~ of our s i m u l a t e d

error we expect it svou ld work well  in the  presence of t r t n n c a t i o i u  e r ro r .

The results  of all  tests are in Table I . They are se pa rm m ted  b y f u n c t i o n , c’mi e h h mi s  mm r un

wi th  no noise , sv i th  s ing le precision noise , and w ith  a tot ii) Oouxe I lie numbe r  t u f f u i n c t u o u t s

and g rad ien t s  r equ i r ed  for  each proeedtnr e is g iven .  I u u r  ea~ L u ml t he  I I m m r w e l l  r o u t i n e s . the

convergence  c r i t e r ion  was I ,~x 1 < I O~~, I < i < i i .  For the  , u l m i o r n t f u n u u  descr ibed nit t h us l .u P L I

the tolerance 6= I o-~, and the m i n i m u m  ~ x was o b t a i n e d  h~ Sc ’ , h u e ’  mis  d e sc r i b ed  ni Sc’~’t o i l  7.

Convergence occurred when a su ccessive search at m i n i i n u u i i i  .~s I t h e ._ o r d i n a t e  l i nes  t h r o u g h

the cur ren t  i te ra te  y ielded no descent;  or a c on sus ten ie  check . u l e s n e u n e l to  s p i u t  svhc ’n i t he  error s

in the g rad ien t  or f t nnc t ion  eva lua t ions  arc don n in i a t i  ng t he iou n i m n / m i t  ion had been ii hm i t ed  a

total  of 3 t imes .

In the  test resul ts  in ‘rab le I , t he a l g o r i t h m  de scrib ed ui t h i s  p m mp c ’r is ca l led fl( ‘R 1 . b r

box cons t ra ine d  rank I . Four vc’r sionis of I~ 
‘R I were t u  sued  R ( ’R  1 ( 1  . 1 )  0nd I tCR 1 ( 2 , I )  m i re

d i rec t  i m p l e m e n t a t i o n s  of the ’  procedure ’s descr ibe d , d i l  t i r i n g  o n i l y  in t hc ’ li ne s c m m r c ’h used

l ine ’ searc h I r equ i res  more l u n e t i o n  c v a l u a t u o i n s  m ind  m m t t d ’n u l i i s  I n n  h i rm mc ’(~c’t i h c  n u i n i n o u m  hn.’ lon ~’

leaving the  search. I inc  search 2 l cm m s’e s the  sc ’: u i  c l i  .u ~ si ( i i i  .15 i t  hi t s m i c h in. ’~ ed m m r c , m s n n n m m h h e

decre asc’ in t h c’ ( u u u i c ’ l u o I i  h l o t h  sc’;i rc hie s use o i l s  h u m  u l n i l  m l i i i  u s t i h i  thin. ’ c’ xc c ’l i t io n i f  t h i n

_ _  _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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gradient  at the s t m l r u i n g  point if the sn ’ m u r ch i .  Use of l i ne  search 2 of ten  resu l t s  in m m i i incremi se  in

the number  of i te ra t ions  m I s  Cr  l ine  search I an d th t i s  ant inicrease in t h e  n u m b e r  um f g r ad ien t

eval ua t ion s . In the c i r c u i t  desi g n m m p p l i c ~i t i o n u x , once m u f u n c t i o n  e v a h u a t i o n i  us m m mdi. ’ , m m g r a d i e n t

e va lua t ion  costS the  same ,n s a n o t h e r  I u i n e t i u n m  e v a l u a t i o n , so semui’e h 2 us r e mis onmi hl c .  I I osv r ’s’ cr .

in other  m m p p h i e m i t i o n s  g r a d i e n t  c s m m l u , u i i m i n i s  m , ir’  i n s t  some m u l t i p l e  of a l u n c t u o n  c s m i h u m m t i ( i n .

For exanip le . if  svc mire con mi pu t i u g dIe !  i s  , u t i s  es 6) d i f f e nc ’ u m e i n g .  we would  w a n t  to n r u i n m i m u i . e  the

number of i t e r a t i o n s  and hence l i n e  search 1 ss n i i l&l  he no ire app rop r i a t e .

BCR 1(1 ,1) an id 11CR U 2 . 1 ) bo th  ~o t ve  mi q u a d u m i t i c  s u i h p r o g r a n m  o n l y  on those i t e r a t i o n s

where at least one constraint u s ac t ive .  I m u ch f i r s t  a t t e m p t s  to solve  mu sm al l  01’ using the OP

al gori thm iii Canon , Cu l lu n i  m u d  P olm i k  1 1 9 1 .  If  th is  f a i l s  ( ss ’hi ch can happen u n I v  if (I is

indefinite) , or if diCid < (1 g6J > 0 m r  I 1 (  h has a i i e g m m l i v e  d i agon a f  e h e m e n m t  whe re  F is t h a t

part of the  iden t i t y  correspondin i g  to t I n e  v a r i a b l e s  d e s i i i i i m u t c c l  liv thin .’ smal l  OP mis free , t h en a

ful l—sized OP ( u s i n g  t h e  hounds  mint  ( (  x — t  ( . I flop 1 ) . I ~ i ~ ii . where  t us u hm c  a p p r o p r i a t e

upper  or lower bound )  is solved us ing  Fh e t c hm c ’ r and Jm mc kson  I 2 ( ) j .

A modif ied  version of 11CR I was also tes ted , and th i s  is l abe l l ed  11CR 1( 1 ,4 )  and

13CR 1(2 ,4) in die t able  where  I and 2 again corre spo iicl to the 2 searches used. 13CR I (  • .4 )

solves the full—sized QP at each i t e ra t i on i  to d e t e r m i n e  the d i rec t ion  of search.  One might

expect , since this  mm ppro muchi  us global , th at Ct in s e rgc nec should improve ( u s e r  11CR 1 ( 1  . 1 ) anid

1( 2 . 1) .  I l n i w c ’ sc r , the  n i tun m er ie ml  r esu l t s  i n n . h m c’ mm te t h a t  t i t u s  u s no t  true.

The tota l  work required is given us die sum ob I ( ‘N S p lus ( i R I ) S .  I h i s  only  makes sense

ii the f u n c t i o n  and grad ien t  e v a l u a t i o n s  h m m m s  c equal  e m n s i  ( )thnerss’ise , the 2 ten n ix mus t  he

weig hted by thei r  r e l a t i v e  cost s. Moreov er . sve .irc concerned  h e r e  w i t h  problems w h i c n e  t In e

cost of a func t i on  or gr a d ien t  e s a h u m i t i o n  uloi i i i n i , mii . ’ s th in . ’ co st ul thi n , ’ d’iminl l ) u i i i i I J ( i n s  d inu i e ’  in t h u

in p t i n h i / a t  ion m i l g u n r i t  f i nn  

-..~~~~~-- -‘~~~~~. . .~~~--‘ ,.. .‘ - ---~~~~~~~~- - -  -~~~~~~~~~~~ . -- .~~~~ -- - -  ~~~~~~ - -..
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On t h is basis of work done , ss c would  jud ge h i Ck 1( 2 , I )  to he the best oh t he  f o u r  opt tu n is

for BCR I .  This method proved to he rel iable ’  and eb ’i icient in the  presence of box cons t ra in t s

and noise. Fur thermore , the resul ts  indica te  tha t  it compares f a v o r a b l y w i t h  VA O 9AI ) , an

excel lent  uncons t ra ined  method (judged by h l imn ie lh l au  to he the  best of tho se tes ted h ) h i m ) .

Performance did not degrade in the presenc e of noise. In all  cm m s c s  11CR 1(2 , 1) t e r m i n a t e d  at

a reasonable point ,  e i ther  at or near  a local m i n i m u m , or at a poin t  where it could not he

expected to proceed because the noise was of the  same magn i tude  as the  f t nn i c t i o n .

B C R ( ( 1 , 1) was as reliable as B C R I ( 2 , i ) .  In most cases , it used more f u n c t i o n  s a m e’s hut

fewer gradients  then BCR 1(2 , 1) .  Thus , one mig h t expect  it to be more  e f f i c i e n n t  on p rob l ems

where the cost of coniput ing  a gradient  is a n iu l t i phe of the  cost of a f u n c t i o n  e v a l u a t i o n .

We’ had expected tha t  BCR 1 ( 1 .4) and BCR 1(2 , 4) would perform be t t e r  t h a n  RCR 1 ( 1 , 1 )

and BCR 1( 2 , 1 )  since t h e y  use global  in i forn ia t ion  on each i t e r a t i o n .  I Iosvc sc ’i , t hin. ’ ’ d i d  not

Perhaps the site of the box used with  tI n e al gor i thm in [20 1 svas too large  or sh ould h m m s e  been

allowed to vary  as is done in VEO3A ( C F l e t c h e r ) .  I I o sve v er , t he  r e su l t s  in  ‘l ’ ah l e  I I o n

CFletcher  do not indicate  tha t  th is  would he a p rof i t ab le  d i r e c t i o n  to p u r s u e ;  since CFle t che r

did not perform well on any pro hl eni except  FR E ’CP.  ‘l ’h is conuin i en t  shoul d  he tempered w i t h

the comment tha t  CFletch ier is a s ing le  precis ion r o u t i n e .  As tine table  ind ica te s  f o r  F133 , u s i n g

the ’  scaling suggested by Fletc h er , t e ’ r m m n m m t n o n  at t i n e  saddle p o i n n t  occur re i f .  I lo’.s es er , m u s i n g  no

scaling, the procedure went  to the m i n i n n i u n i  of FB3. F or  Fh36 it went  to t h e  saddle po in t  cnn

al l  sea h in u gs t r ied .  For FI !Oh . ’/. t e r n i n i n m i t i ~ mu o c c u r r e d  m u mm n o n c r i t i c a l  P o in t .

\“FOSAD ( B u c k l e y )  (lid n ( i t  p e r f n n i ’nn n u ’ I i ~i h I v  on a ny  i u n n i ’ t i o n n  n.’ x e c ’pt  F R I  ( P

indica ted  for FF3 3 and FF36 , when  t In. ’ u n i n u m m l  poini t was  ~h m i h u t ’ uI n.’ l m i x ~~n iu  m u local n i m n n m u n n i u n n i .

VEOS AD produced that  local m i n i m u m .  ‘l’his leads us to belies c’ u h i m u t  sv c’ hi m id the  p r n i ee du r e  sc ’t

up properly.  ‘l’hc ou tp tn t  of VFO5 AF )  o h t a i n i e ’d  i n d i c a t e s  t h i m m t  u n i t  c’ nnm mim g hn  s . u I c ’~ i i m m n m l s  mmrc ’ b u i l t

in to the l ine ’  s c m i r c h n c ’s . In p m i r t i c t n l a r . o nn sonic’ r im s ( n u u n i (s 5 5 c m . ’ 5 i n n I , m t n . ’ d , and  w hn c ’n il l s  55 m i s

L . -- ———-—--— , . 
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present the procedure did not reco gnii z e it and t e r m i n a t e  the  i t e ra t ions  when the  nois e

dominated t u e  min imiza t ion .  On FB3 and FBo , it t e rni inate d normal l y, but at points  that  are

not local minima or saddle points.  In each of these 2 cases it failed to allow movement  along a

good coordinate direction. As stated emmr li er FF33 and FF36 were designed to he difficult to

minimize  because they  require much h i t t i n g  and releasing of cons t r a in t s .  Moreover , the

Hes sians are inde f in i t e  at the n n iin in na .

For the un ieons t rm m ined  a l g o r i t l n n u s , VA t ) 9A 1) ( F l e t c h e r )  e x h i b i t e d  good h e l u m i s  ior in t h e

presence of noise on all func t ions  except FWOOD. We note tha t  wi t h  a smaller  convergenc e

criterion Fletcher uI id achieve the minima of FWOOI) when there  was no noise. Remarks  in

the F larwel l  wr i t e—up of th i s  program indicate t h a t  some t h ough t was g iven to its performance

in the presence of errors anil cer ta inly  its perform ance in (lie presence of error subs t an t i a t e s

this.

Tests on Powell’ s no der iva t ive  al gor i thm are included to see if a procedure t h a t  uses onl y

i’un ic t ion values hut  does not use d i f f e r e n c i n g  to get der iva t ives , a nd t h a t  works  on the ’

pr inci p le of conjugate direct ions. ,  would work well in tIne presence of noise. Ind ica t ions  are

that  it works well wi th  a moderate amount  of noise , at least on the ’  small  diniensional  problems

te sted. With a lot of noise , it did not work as well as the variable nn et r ic  a lgor i thms .

The work—counts for the Harwell rout ines were obtained as follows. Bot h Cf let cher  and

f le tcher  have mm f unc t ion , gradient  subrout ine  tha t  evaluates both s imul taneous l y, so tha t  in

Table I , in all cases for these two methods FCNS =GRI) S.  Froni the  wr i te—ups , it was not

clear whe ther  each t ime the f u n c t i o n  is called , the ’  gradient  i n f o r m a t i o n  is also used ni these

algori thms.  If  th is  is not the case , t h en these  al go r i t ln ms nia~ he ’ more e f f i c i e n t  t h a n  is

indicated by Table I .  For Buckley ,  the func t ion  and gr adicn’fl s calls ar e ’ separated.

L ~~~~~~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J
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As is usually the case in using a program wri t ten  by someone else , one is never abso lutely

certain that  one has set up the subro ut ine  correc tl y or tha t  a good or best set of the a l g o r i t h m

parameters  has been fed in to  the  progran n . We tr ied to take the best set of parameters .  In

addit ion , when a pro gram performed unre l i ab l y, a d i f fe ren t  i n i t i a l  poin t  or scal ing was used to

be certain tha t  wi th  a g iven func t i on  and a lgor i th m a m i n i m u m  could he ob ta ined  u n d e r

d i f f e ren t  circumstan ces . 

~~~~~~~~~~~~~~~~~~~~~~~~ -‘
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10. Summary .  The tests va l ida te  the theoretical  results of this  paper tha t  an n a lgor i thm based

upon the SRI  update should perform reliabl y and ef f ic ien i t l y  in the presence of box cons t ra in t s

and errors.

For the uncons t ra ined  problems tested , w i t h  ~m nm c I  w i t h o u t  e r ror s , t he sn i m u l l  d i f f e r e n c e s

between BCR 1( 2 . 1) and Fletcher can be understood by the  fac t  t ha t  R (’R 1 ( 2 , 1 )  nn ay  use n

additional func t ion  and grad ient evaluat ions  in t e r n i i na t i ng .  FI n e results  in I’a hle I su h s t a n i t i a t e

the claim tha t  B C R I  is e f f ic ie n t  inn the presence of error. The r c ’suhts pr esc ’ u m t ’ ~d for c o n s t r m m m n e d

problems do not allow for comparison with  an exis t ing ,  e ’ f f i c i c nn t , r c l u m i h l e  a l g n m r i t h m  h h o w c ’ver ,

BCR I  was reliable on box constra ined problems and ss’e f e e l  we c iun i mn nn p hy  l’rom tine c on ip ar i—

sons on unconstrained prob lems that  it is also e f f i c i e n t .

Moreover , the tests indica te  t h a t  all the p oints in the m o t i s a t m o n  were well  t ake n n .  In

par ticul a r . ii does seem important to use all the ’ in fo r m at ion avai lable  to tel l  when to drop a

constraint , and to he able to pick up the t rue character  of a f u n c t i o n  near  mm saddle. M or eover ,

the BCR I  procedure is s imple , there is no bookkeep ing and no ma t r ix  projections and m o

exp licit use of mul t i pl iers  for the box cons t ra in t s .

As designed , the procedure handles  onl y box constra ints  directl y. In the circuit  design

work . more general const ra in ts  are treated using penal ty  funct ions .  It would seem tha t  one

could use a progrm mm such as t l ii~ as an inner  loop in mm p ena l ty—niu l t ip lier procedure for the

m ininni z a t io n  of a general  f unc t i on  subject to general  constraints .

One f i n a l  comment.  Cur re n t l y, the  a lgor i thn i  iden t i f i e s  when noise is cont ro l l ing  (lie

procedure and te rmina tes  when it n n m m k e s  such an iden t i f i ca t ion .  It  does th is  even thoug h tIne

direction that  it has is good sun t h at t e rmina t i on  wotuld not hm m v e  happened 1 m m b e t t e r  u n u i t ~m l s t ep

in the line search had been taken .  We are w o rk in n g  on th i s’ ’~ms l~ect.
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i b ;  ABORTED BY GOING OUT OF BOUNDS
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20 Abstract

symmetric  rank  one up date  fo rmu la  and used to argue ag a ins t  its imp l e m e n t a t i o n  have seldom

becn encoun t e r e d  in n u m e r i c a l  exp er ience  to date  and arc cir cun i~ e f l tc d . Us i f l m!  p rocedure s

describ ed in Cul l u m and R r ay t o n  I I  ~ . N u m erical  examp les are present ed ~ Inc h show ( 1 )  The

a)~ ori thm pr~ sentcd compares  fa vorab ly  w i t h  I: etc he r ’s e~ cch!~ r it u n c o n s t r a i n e d  m i n in u , . a t i O f l

program av a i la b le  Ir oni I l a r ~velI  and ( 2 )  On b o x _ c O n S t r a i t t e d  p ro h ( cms . t he  a ) m o r ~th m i~ re l i ab le

and e f f i c i e n t .  Prob lems w i th  and wi tho ut  error s in th e f u n c t i o n  an d g rad ien t  va lu e s  were

considered.
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